Abstract. Let k, n ∈ N with k < n and let G k (R n ) denote the Grassmann manifold consisting of all k-dimensional linear subspaces in R n . In an earlier paper the authors showed that if the projections of a nonconvex closed set C ⊂ R n are convex and proper for projection directions from some nonempty open set P ⊂ G k (R n ), then C contains a closed copy of an (n−k −1)-manifold. In this paper we improve on that result by showing that that result remains valid under the weaker assumption that P is somewhere dense in G k (R n ).
Introduction
Let k, n ∈ N with k < n and let G k (R n ) denote the Grassmann manifold consisting of all k-dimensional linear subspaces of R n . If A is a subset of a topological space, then A is the closure of A and int A is the interior of A. If B, C ⊂ R n and P ⊂ G k (R n ), then B and C are called P-imitations of each other if B + P = C + P for each P ∈ P. If B + P = C + P for each P ∈ P, then B and C are called weak P-imitations of each other. Also, a k-plane in R n is an affine subspace of R n of dimension k. Now, let B be a closed convex subset of R n that contains no k-plane and let P ⊂ G n−k (R n ) be open such that B is not a P-imitation of R n . In this setting the authors showed in [3, Theorem 18 ] that if C is a closed weak P-imitation of B with C = B, then C ∩ B contains a closed copy of a (k − 1)-manifold. The main purpose of this paper is to show that the above result remains valid if we weaken the assumption on P from open to somewhere dense in G n−k (R n ). Our main result reads as follows.
Theorem 1.
Let k, n ∈ N with k < n, let B be a closed convex subset of R n that contains no k-plane, and let P be a subset of G n−k (R n ) such that B is not an
If C is a closed weak P-imitation of B with C = B, then C ∩ B contains a closed set that is homeomorphic to either
(i) R k−1 or (ii) S i × R k−i−1 for some i ∈ {1, 2, . . . , k − 1}.
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Here S i stands for the i-dimensional sphere. Observe that [3, Theorem 18] corresponds to Theorem 1 with the additional assumption that P is open in G n−k (R n ). The method we use is to show that if P satisfies the premises of Theorem 1, then int P contains a nonempty open subset that satisfies the premises of [3, Theorem 18 ]; see Theorem 13. Let us point out that our approach for proving the reduction of Theorem 1 to [3, Theorem 18 ] is sufficiently general so as to include the case that the ambient space is the separable Hilbert space 2 so that the results are also of use for a forthcoming extension [4] of the results in [2] and [3] over 2 . Theorem 1 deals with the retrieval of information about a geometric object from data about its projections, which places the result in the field of Geometric Tomography; see Gardner [10] for background information. As far as the history of the type of problems we consider is concerned, Borsuk [6] has shown that there exist Cantor sets in R n such that all their shadows (projections onto hyperplanes) contain (n − 1)-dimensional convex bodies. In contrast, Cobb [7] showed that every compaction C in R n with the property that all its shadows are convex bodies contains an arc. Dijkstra, Goodsell, and Wright [8] improved on this result by showing that such a C must contain an (n − 2)-sphere. Barov, Cobb, and Dijkstra [1] were subsequently able to construct an extension of that result over the class of unbounded closed sets and [2] concerns the Hilbert space variant of the problem. In [3] we showed that the results in [8] and [1] remain valid if we make the much weaker assumption that the collection of projection directions that produce convex shadows has a nonempty interior.
Definitions and preliminaries
Throughout this paper V stands for a separable real Hilbert space with an inner product x · y. Thus V is isomorphic to either an R n or 2 . The norm on V is given by u = √ u · u and the metric d is given by d(u, v) = v − u . We denote by 0 the origin of V and S stands for the unit sphere in V. Let A be a subset of V. We have that [A] denotes the linear hull and A the convex hull of A. We define A ⊥ in the following way:
Also, we define codim A = dim A ⊥ ∈ {0, 1, . . . , ∞}. A plane in V is a closed affine subspace of V; a k-subspace is a k-dimensional linear subspace of V. The affine hull aff A of A is defined as the intersection of all planes that contain A. The geometric interior A
• of A is the interior of A relative to the affine hull of A.
Definition 1. Let K(V)
stand for all nonempty compact subsets of V. Recall that the Hausdorff metric d H on K(V) associated with d is defined as follows:
We let G k (V) stand for the collection of all k-subspaces of V. Consider the ball
When V is finite-dimensional then G k (V) is known as a Grassmann manifold.
The following lemma was proved for R n in [3, Lemma 2] . The proof for 2 is analogous. 
Definition 3. Let P be a collection of closed linear subspaces of V. A hyperplane H in V is said to be consistent with P if H + P = H for some P ∈ P. Let B be a closed and convex subset of V. A nonempty subset F of B is called a P-face of B if F = B ∩ H for some hyperplane H of V that supports B and that is consistent with P. A derived P-face is a derived face of a P-face. If k ∈ N and k < dim V, then we define the set E k (B, P) as the closure of {F : F is a derived P-face of B with codim F > k}.
Definition 4.
Let B, C ⊂ V and let P be a set of closed linear subspaces of V. B and C are called P-imitations of each other if B + P = C + P for each P ∈ P.
If B + P = C + P for each P ∈ P, then B and C are called weak P-imitations of each other.
Remark 1. Observe that B and C are (weak) P-imitations of each other precisely if ψ P (B) = ψ P (C) (ψ P (B) = ψ P (C)) for each P ∈ P. If B and C are weak P-imitations of each other, then B and C have precisely the same supporting hyperplanes that are consistent with P, as follows. Let H be a supporting hyperplane to B such that H + P = H for some P ∈ P. Then H supports B + P and hence also B + P because halfspaces are closed. Since B + P = C + P we have that H supports C.
Lemma 3. Let P be a set of closed linear subspaces of V and let
Proof. Let P ∈ P. If B+P = C+P , then B+P ⊂ (B∪C)+P = (B+P )∪(C+P ) = B + P and for convex B, 
Lemma 5. If B is closed and convex in V, then for every derived face
F of B we have F = F + L B .
Proper projection maps
This section consists of a series of lemmas that we need to prove our main results. Several of the lemmas are of independent interest as they deal with the properties of proper projections of convex sets.
Lemma 6. Let B be a closed and convex set in V and let P be a finite-dimensional linear subspace of V. Then ψ P B is proper if and only if
Proof. One direction is trivial because every fibre of a proper map is compact and (z + P ) ∩ B is a fibre of ψ P B. Assume that there is a z ∈ B such that (z + P ) ∩ B is bounded. We may assume that z = 0. Define
Note that ψ {0} is the identity function; thus {0} ∈ A. We may define m = max{dim L : L ∈ A}. It suffices to show that m = dim P , so let us assume
and note that B L is convex and closed in the space V = L ⊥ . Let u be a unit vector in P that is perpendicular to L and let be the line Ru. Put
we have by Lemma 4 that it suffices to prove that ψ B L is proper to arrive at the desired contradiction.
Since ∩ B L ⊂ ψ L (P ∩ B) and P ∩ B is bounded we have that ∩ B L is bounded as well. Thus we can find numbers r 1 , r 2 ∈ R such that ∩ B L ⊂ (r 1 , r 2 )u and r 1 < 0 < r 2 . Since B L is closed and convex and r i u / ∈ B L we can find for [12, p. 347] . Let n i be a normal vector to H i such that for every x ∈ B L we have x · n i < r i u · n i . Substituting x = 0 we find u · n 1 < 0 and u · n 2 > 0.
To show that ψ B L is proper let C be a compact subset of (L ) ⊥ . Let x ∈ C and let y ∈ B L be such that ψ (y) = x. Then y = x + tu for some t ∈ R and y · n i < r i u · n i for i = 1, 2. Substituting y in the inequalities and solving for t we find
Since t is enclosed between two continuous functions that are defined on a compact set C we may assume that
u and hence the set is compact. The proof is complete.
Lemma 7.
Let k ∈ N with k < dim V and let B be closed and convex in V.
Proof. Let 0 ∈ B and B P = ψ P (B). Observe that P ∩ L B = {0} because ψ P B is proper. We consider two cases.
Case
. It now suffices to prove the following claim.
. Striving for a contradiction, we assume that there is a 1-
Choose an (x, y)-coordinate system for the 2-plane M such that q is the x-axis and P is the y-axis. Since ψ P B is a proper map onto q there are functions
We may assume that f − (0) = 0. By the Hahn-Banach Theorem there are for each a ∈ R linear functions g 
and the proof is complete.
The following lemma is an improvement over [3, Lemma 8] with a similar proof.
Lemma 8.
Let k ∈ N with k < dim V, let B be a closed and convex set in V, and let P be an open subset of G k (V). Suppose that x ∈ V is such that there are two distinct supporting hyperplanes H 1 and H 2 at x to B, at least one of which is consistent with P. Then there are a supporting hyperplane H to B at x, a P ∈ P, and a line through 0 such that ⊂ P , x + P ⊂ H, ψ B : B → V is proper, and
Proof. Choose a coordinate system for V such that x = 0. By assumption there are distinct supporting hyperplanes H 1 , H 2 to B at 0, and there are v 1 , v 2 Select a basis {e 1 , . 
and note that a = 0 because v 1 = ±v 2 and that a · e = 0. Define H = {y ∈ V : y · a = 0} and note that H = L + and therefore, P ⊂ H. If y ∈ B, then y · v 1 ≤ 0 and y · v 2 ≤ 0; so also y · a ≤ 0, and hence H is a supporting hyperplane to B.
Let z ∈ V and let y = z + αe be in B for some α ∈ R. Since v j · y ≤ 0 for j = 1, 2 we get that αe
Thus we see that every fibre of ψ B is bounded and therefore the map is proper by Lemma 6. If we assume in addition that y ∈ H, then we may take z ∈ L.
The proof is complete.
Lemma 9.
Let k ∈ N with k < dim V and let C be closed in V. If P ∈ G k (V) and w ∈ V are such that ψ P C is proper and (w + P ) ∩ C = ∅, then there is a neighbourhood U of P such that (w + P ) ∩ C = ∅ for each P ∈ U.
Proof. We may put w = 0. Striving for a contradiction we assume that the conclusion is false, which means that we can find a sequence
is compact we may assume (by passing to a subsequence) that lim i→∞ y i = y ∈ P ∩B M . Consequently, we also have lim i→∞ x i = y and hence y ∈ P ∩C because C is closed. Thus we have a contradiction with the assumption (w + P ) ∩ C = ∅.
Case II: {x i : i ∈ N} is unbounded. Then we may assume that lim i→∞ x i = ∞ and x i = 0 for each i. By the same argument as employed in Case I, we may assume that there is a (unit vector) u ∈ P such that lim i→∞ x i / x i = u. Let z ∈ C and t ≥ 0 and consider z + tu ∈ z + P . Defining
We now have that ψ P C has an unbounded fibre which violates properness.
Lemma 10. Let k ∈ N with k < dim V and let B be a closed and convex set in
Proof. Let P ∈ G k (V) such that ψ P B is proper. We may assume that 0 ∈ B. Since ψ P B is proper, P ∩ B is bounded, so there is an M > 0 such that P is disjoint from C = {x ∈ B : x ≥ M }. Since C is a closed subset of B we have that also ψ P C is proper. Thus by Lemma 9 we have that there is a neighbourhood U of P such that P ∩ C = ∅ for each P ∈ U. If P ∈ U, then P ∩ B is bounded because B \ C is bounded. Thus by Lemma 6 we have that ψ P B is proper.
, and let B be a closed and convex set in V that contains no k-hyperplane. If P ∈ P and w ∈ V are such that
Proof. Let P ∈ P and w ∈ V be such that (w + P ) ∩ B = ∅. We may assume that w = 0. According to Lemmas 9 and 10 it suffices to prove that there is a P ∈ P such that ψ P B is proper and P ∩ B = ∅. If Note that {0} ∈ A because ψ {0} B is the identity map and {0} ⊂ P . We may define l = max{dim L : L ∈ A}. It suffices to show that l = k, so let us assume that l < k. Choose linear subspaces P 1 ∈ P and L ⊂ P 1 such that dim L = l, ψ L B is proper, and
On the other hand, the ( + 1)-hyperplane H 1 contains a khyperplane since + 1 ≤ k. Therefore, we can find a u ∈ S ∩ H 1 such that
This means that (z + Ru) ∩ C is bounded and hence ψ Ru C is proper by Lemma 6 
⊥ that is perpendicular to H 1 and on the same side of H 1 as B L so y · v > 0 for each y ∈ B L . We may assume that v is small enough so that the line
We have shown that there are at least two supporting hyperplanes at 0 to B L in L ⊥ , one of which is consistent with P L . In L ⊥ we can now apply Lemma 8 to B L , P L , and 0 to get a supporting hyperplane H to B L at 0, an N ∈ P L , and a
In addition, we have that ψ L B and ψ B L are both proper. Therefore, ψ L B is proper by Lemma 4. We now have that L ∈ A and dim L = l + 1, which contradicts the maximality of l. That completes the proof.
Lemma 12.
Let k ∈ N with k < dim V, let B and C be convex closed subsets of V, and let P be a subset of G k (V) such that P ⊂ int P and C is a weak P-imitation of
in addition, B does not contain a k-hyperplane and B is not an (int P)-imitation of V, then also C does not contain a k-hyperplane and B and C have identical (derived ) P-faces.
Proof. Note that B and C have identical supporting hyperplanes that are consistent with P by Remark 1.
Claim 2. If B does not contain a k-hyperplane, then every P-face of C is contained in B.
Proof of Claim. Let H 1 be a supporting hyperplane to C that is consistent with P. Striving for a contradiction we assume that H 1 ∩ C \ B = ∅. Choose a coordinate system such that 0 ∈ H 1 ∩C \B. Let H 2 be the (unique) hyperplane through 0 with d(H 2 , B) = d(0, B) > 0; see [12, p. 347] . Let P 1 ∈ P be such that P 1 ⊂ H 1 . Since ψ P 1 (0) ∈ ψ P 1 (C) ⊂ ψ P 1 (B) we have that d(P 1 , B) = 0 and hence d (H 1 , B) = 0. Thus we have that H 1 = H 2 and we can find a supporting hyperplane H at 0 and a P ∈ int P with P ⊂ H and H ∩ B ⊂ H 1 ∩ H 2 by Lemma 8. We have that P ∩ B = ∅ because H 2 ∩ B = ∅. Now, by Lemma 11, we find a nonempty open subset U of int P such that for every L ∈ U we have that ψ L B is proper and
, which contradicts the premise that C is a weak P-imitation of B. ♦ Claim 3. If B does not contain a k-hyperplane and B is not an (int P)-imitation of V, then also C does not contain a k-hyperplane.
Proof of Claim. By Lemma 11 there is a P ∈ P such that ψ P B is proper and ψ P (B) = P ⊥ . Select a w ∈ P ⊥ \ ψ P (B) and note that ψ P (B) is closed and convex; thus there exists by [12, p. 347 ] an x ∈ ψ P (B) with d(w, x) = d(w, ψ P (B)). Since we are in a Hilbert space the hyperplane H in P ⊥ through x that is perpendicular to the vector w − x supports ψ P (B). Note that then H + P is a hyperplane in V such that (H +P )∩B is a P-face of B. Put D = C ∪ B and note that D is a weak P-imitation of B by Lemma 3. Then H + P supports D as well and (H + P ) ∩ D is a P-face of D because it contains (H + P ) ∩ B and is thus nonempty. By Claim 2 we now have that (H + P ) ∩ D ⊂ B. If C contains a k-hyperplane, then so does D and hence every face of D contains a k-hyperplane by Lemma 5. Consequently, B contains a k-hyperplane, contradicting an assumption. We may conclude that C does not contain a k-hyperplane of V. ♦ To prove that E k (C, P) = E k (B, P) we consider two cases. Case I: Neither B nor C contains a k-hyperplane. Then by Claim 2 and the fact that B and C have the same supporting hyperplanes we have that B and C have the same P-faces (and hence the same derived P-faces). Therefore E k (C, P) = E k (B, P). Case II: Either B or C contains a k-hyperplane. By symmetry we may assume that C contains a k-hyperplane. Then by Lemma 5 every derived face F of C contains a k-hyperplane and hence codim F ≤ k. Since derived P-faces are derived faces we have E k (C, P) = ∅. If B contains a k-hyperplane, then also E k (B, P) = ∅ and we are done. Assume now that B does not contain a k-hyperplane. Then by Claim 3 and P ⊂ int P we have that B is a P-imitation of V and hence B has no P-faces by Remark 1. Consequently, E k (B, P) = ∅ and Case II is finished. Finally, for the last part of the lemma, assume that B does not contain a khyperplane and B is not a (int P)-imitation of V. Then by Claim 3 also C does not contain a k-hyperplane and we are in Case I. Thus B and C have the same (derived) P-faces.
In the situation of Lemma 12, if P is open, then, by the proof of [3, Lemma 9], we have that B and C have the same P-faces. If we merely know that P ⊂ int P, then B and C may not have the same P-faces as the following example shows. So it is essential to consider k-hyperplanes in Lemma 12.
Example 1. Let V be R 3 with the usual xyz coordinate system. Let B be the x-axis, C the y-axis, and
. In addition, ψ P (C) = ψ P (B) = {0} if P = xy-plane and ψ P (C) = ψ P (B) = P ⊥ if P ∈ P \ {xy-plane}. Thus B and C are P-imitations of each other. However, B and C do not have the same P-faces since if P stands for the xy-plane, then B = P ∩ B = P ∩ C = C. 
The main theorems
Pick an L ∈ U and assume that there is a w ∈ B such that ψ L (w ) ∈ ψ L (C). Since C ⊂ D we have that ψ L C is proper so that we may apply Lemma 9 to get a nonempty
We have the following improvement over [3, Theorem 1] .
Theorem 14. Let k, n ∈ N with k < n, let C be a closed nonconvex subset of R n , and let P ⊂ G n−k (R n ). Let ψ P * ( C ) = (P * ) ⊥ for some P * ∈ int P and let ψ P (C) be convex for every P ∈ P. If C contains no k-plane, then C contains a closed set that is homeomorphic to either Theorem 15. Let k ∈ N with k < dim V, let B be a closed and convex set in V, and let P be a subset of G k (V) such that P ⊂ int P. If C is a closed set that is a weak P-imitation of B, then E k (B, P) ⊂ C.
Proof. Let C be a closed set in V such that for every P ∈ P, ψ P (C) = ψ P (B). Consider the closed convex set D = C and note that B, C, and D are all weak Pimitations of each other by Lemma 3. According to Lemma 12 we have E k (B, P) = E k (D, P). To prove that E k (D, P) ⊂ C it suffices to show that every derived P-face of D with codimension greater than k is contained in the closed set C.
Let F be such a derived P-face of D. Striving for a contradiction we suppose that F \ C = ∅. We may choose a coordinate system such that 0 ∈ F \ C. Precisely as in the proof of [3, Theorem 16] we can find an N ∈ int P such that N ∩C = ∅ and N ∩ D is bounded. Thus we have that ψ N D is proper by Lemma 6. According to Lemmas 9 and 10 there is a neighbourhood V of N in int P such that ψ L D is proper and L ∩ C = ∅ for every L ∈ V. Select an L ∈ U ∩ P and note that ψ L (C) = ψ L (C) because C is a closed subset of D. We now have that 0 ∈ ψ L (D) \ ψ L (C), which violates the fact that C is a weak P-imitation of D.
We finish by displaying that the points in E k (B, P) (the P-extremal points of B) are precisely the points that are included in every closed P-imitation of B whenever P ⊂ int P ⊂ G k (R n ). This is an improvement over [3, Theorem 23 ].
Theorem 16. Let k, n ∈ N with k < n, let B be a closed convex set in R n with codim B = k, and let P ⊂ G k (R n ) be such that P ⊂ int P. Then E k (B, P) = {C : C is a closed weak P-imitation of B} = {C : C is a closed P-imitation of B}.
Proof. By Theorem 15 we have that E k (B, P) ⊂ {C : C is a closed weak P-imitation of B}.
The other parts of the statement are already included in the proof of [3, Theorem 23].
